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ABSTRACT

This thesis focuses on how developing standards-based high school math goals can facilitate
meaningful collaborations with Individual Education Plan (IEP) team members. Math goal
setting is a required part of many IEPs, but little research has been done to understand how to
best set goals that are appropriate, in line with evidence-based teaching methods, and focused on
the concepts most essential to create meaningful access to the general education curriculum. To
investigate these questions, this thesis examines research into what skills and knowledge are
required for students with disabilities to achieve high school level math. Being successful in
math requires both procedural skills as well as a conceptual understanding of what numbers
represent and how they relate to each other. Math goals should reflect and measure both of those
components. Goals should also focus on moving students to the proximal domain of numeracy
from additive to multiplicative to rational numbers in the same order as the general education

curriculum progresses for students who are significantly behind in math.
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CHAPTER I: INTRODUCTION

AUTHOR’S INTEREST AND MOTIVATION FOR TOPIC

When students run into a difficult spot in math and must decide whether to persevere,
there is no more common question asked than, “Why do I have to learn this if I will always have
a calculator in my pocket?” It is a gleeful retort to the antiquated taunt of teachers that, “It’s not
like you will have a calculator in your pocket the rest of your life.” While math education has
clearly survived the transition from a computer being an occupation to a large clunky machine
and even to a wristwatch, the question about what math a student really needs to learn becomes
more urgent when the learning is difficult for a particular student while their peers move on.
Then, the question is no longer rhetorical; it is asked by a family member to a teacher, “Why
can’t they just use a calculator to move past the basics?”

It is not just parents and frustrated students who wonder about appropriate math
accommodations for students with learning disabilities. The calculator, as the physical
embodiment of the debate over math accommodations, has been investigated for at least 40 years
(Russell, 2014; Shult, 1978). More broadly, research spanning the last twenty years shows
meaningful differences in the teaching and assessment styles between general and special
education teachers when teaching students with disabilities (Maccini & Gagnon, 2006; Sheppard,
2020). The thesis author has taught middle and high school mathematics for three years and has
faced these very questions and differing opinions from general and special education teachers, as
well as evaluation team members. For example, is three-digit addition or two-digit multiplication
an important part of mathematical learning or a perfunctory task that can be replaced? If a
student does not know their basic multiplication facts, is it better for them to always have access

to an accommodation? Although an accommodation would allow that student to progress,



skipping skill mastery also makes it more difficult to use that skill in more advanced tasks, such
as identifying greatest common factors needed in simplifying fractions or factoring algebraic
expressions. Without multiplicative patterns in mind, factors and multiples are not obvious when
a student is looking at an expression or equation; then finding the solution may require tedious
trial-and-error repetition to uncover.

To make these important decisions, special education teachers must understand what high
school students need to know to make meaningful progress in mathematical thinking and what
deficits or gaps can be accommodated to enable a student to reach their potential. A sequential
approach provides more “truths” which students can use to do more authentic thinking and
learning about math to solve real problems in school or later in life. Understanding these
properties of math enables the student to understand the operations the calculator is using to
solve problems; for example, many students don’t have the idea that a calculator is breaking
apart a number into exactly equal groups for division. Perhaps most importantly, a sequential
approach provides a feeling of confidence from mastery. However, the sequential approach also
comes with real drawbacks. This model is difficult to implement in a way that builds upon
student strengths because they need to focus on weaknesses in order to progress. It is also hard to
encourage high school students to engage in a curriculum that might be considered childish, and
how students feel about the content they are studying is an important consideration since it can
take much more energy to get a student to do a non-preferred task poorly than to do a preferred
task well.

Contrasting the sequential approach is an integrated approach that continues to tackle
mastery of basic numeracy skills while teaching more advanced content. Higher level content

may not be discussed at some Individual Education Plan (IEP) meetings because it is considered



outside of the student’s zone of proximal development; however, is it possible that some of those
basic number patterns and meanings would be able to be taught along the way in a more
advanced curriculum? Integrating basic skills into a higher-level curriculum would provide
access to higher level math skills, the ability to build on strengths instead of focusing on
weaknesses, and a feeling of confidence born of doing math closer to grade level.

To look at these questions, this thesis will focus on the selection of appropriate math
goals written into IEPs because a math goal is where mathematics educational theory becomes
actualized into practice. It is where the mathematics plan is communicated to those questioning
families and teachers. Math goals are the most frequently measured and reported aspect of an
IEP; well-written goals also communicate a student’s general level of mathematical ability.
Other sources of information are available, but often that information is not as current or is too
general to be actionable, such as “5th percentile nationally”. Even though these facts can be
useful for tracking improvement over many years, there is no clear sense of direction on how to
progress from the 5th percentile to 12th percentile in the same way that there is to progress from
being able to add like-fractions to being able to add unlike-fractions. An abundance of details can
cause IEP team members to lose the forest for the trees and have no useful landmark for their
student’s progress other than their own vague memory of school. If families do have questions
about math, they inevitably ask, “What grade level is that?” While this isn’t the best way for
teachers to conceptualize a student’s unique set of skills and weaknesses, it is important to be
able to effectively communicate a simplified picture of progress in an understandable way.

Math goals are also a part of the IEP that many special education teachers could improve
by incorporating a better understanding of the progression of how math is learned. In the writer’s

experience of reviewing goals coming from many different schools and spanning grade levels



from fifth to eleventh, many goals fail even the most basic standards of being specific enough to
be measurable. For example, applied problems are a common math goal, such as to “increase her
ability to solve two-step story problems including a mix of addition, subtraction, multiplication,
and division from 40% to 80% accuracy.” There is too much variance in student ability and
across math standards for that goal to be meaningful. For example, a two-step problem like,
“Grace has $10 dollars. If she buys a pen for $2 and a candy bar for $1, how much money does
she have left?” is very different from: “Calvin paints pictures and sells them at art shows. He
charges $56.25 for a large painting. He charges $25.80 for a small painting. Last month he sold
six large paintings and three small paintings. How much did he make in all?”” The goal does not
convey enough information to distinguish between the two questions.

But even goals that meet the minimum requirements of being a goal may not be an
effective part of moving a student forward in their education. Goals that are specific enough to
be measured meaningfully often miss the student’s overall progress. Many math goals focus too
narrowly on one specific skill or select a skill that is too tangential to a student's overall progress
to communicate a student's general ability. For example, a goal to, “improve his ability to answer
questions about the perimeter and area of squares and rectangles” is a specific standards-based
skill, but not one that provides any insight into what skills the student has or is missing. Does the
student struggle with addition, multiplication, or do they just get the words perimeter and area
mixed up? Goals of this kind also negatively contribute to the idea that math is presented as a
constant stream of unconnected facts and procedures to be memorized instead of a logical
progression of deeper reasoning and exploration of numbers.

Goals that lack a sense of progression are also difficult to match to the annual timeline of

the IEP process. Focus on a specific standard, such as, “will improve their ability to (x) from
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60% to 80%"” do not set an expectation for how this level of accomplishment relates to a rate of
growth or how that rate of growth relates to general education standards for progress for one
year. [EP’s cannot be expected to make completely accurate predictions about a student’s future
development, but it is unfortunate to see students arrive at high school without any
conceptualization of how their math skills compare to state standards. Without a larger view of a
student’s progress, families and students miss out on the opportunity to prognosticate their
student’s total math capability by the time they graduate high school. When families ask if their
student will be in ninth grade math next year for a student with a third-grade math goal, this isn’t
because families think their student will learn six years of math in one year’s time. This happens
because they have not been given useful mileposts to make the tracking of the student’s progress
meaningful.

The researcher hypothesizes that the above-listed problems identified in current math
goals may be in large part due to special education teachers’ lack of understanding of how
mathematical sense-making develops, and therefore, how to best chart its progress.
Unfortunately, it is well documented that special education teachers lack sufficient training in, or
even knowledge of, best theories and practices in mathematics (Maccini & Gagnon, 2002), and
therefore, may not be confident in accessing those practices when making important decisions in
the mathematics trajectory of their pupils. The author has first-hand experience completing all
the coursework for a master’s degree in special education without specific instruction in teaching
mathematics, all while teaching four math classes a day. This is reasonably expected to be the
same situation for most special education teachers since there are no state requirements
pertaining to math for licensure in special education (Minnesota Legislature, n.d.). The need is

clear for special education teachers to have research-based information when writing math goals.
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Researchers have argued that educational practices would be improved by increasing
collaboration between the fields of mathematics and special education, given the different
knowledge sets by each group of teaching professionals (Sheppard & Wieman, 2019) so the

purpose of this thesis will be to take a step towards applying mathematics to special education.

GUIDING RESEARCH QUESTIONS

1) Primary Question: How does sequencing skills for high school students with math goals
in an IEP support academic growth?

2) Secondary Questions: Is learning math necessarily sequential, or can there be multiple
entry points to the same concepts? Are students more successful when given higher-level
content with increased accommodation or when focused on numeracy until fundamental
operations and computational sense are mastered? For students with disabilities, is it
more effective for math to be taught using different approaches than in general education,
or should math for students with disabilities be approached in fundamentally the same
way at a developmentally appropriate level with effective accommodation? Bringing this
information together will shed light on how to best develop IEP math goals, as well as

how to map out a student’s math curriculum trajectory.
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CHAPTER II: LITERATURE REVIEW

RESEARCH PROCESS

Academic literature researched to answer these questions comes from articles available
through the Education Resources Information Center, the ProQuest Education Journals Database,
and Google Scholar. Those databases were searched using the terms: math*, accommodat®,
learning disabilit*, special education, goal*, numeracy, embedd*, geometry, interventio™,
secondary school*, IEP, sequence, curriculum, content, high school, integrated math, and best
practices in a variety of combinations. Additional relevant research was uncovered through the
references of articles.
LITERATURE REVIEW

Looking first at the sequencing of math goals, Xu et al. (2023) undertook the challenge of
quantifying the relative importance of each of the major steps in mathematical reasoning in a
person's ability to successfully achieve the next skill. To do this, the authors distilled math
reasoning into five broad categories: fundamental numeracy, additive relationships,
multiplicative relationships, rational numbers, and algebraic knowledge. It is worth noting that
not all researchers use the same categorization of math knowledge, and this list does not include
areas of spatial reasoning or data and probability; for this reason, the results are focused on what
is undeniably the bulk, but not the complete body, of primary math education: number,
operation, and algebra.

This was a quantitative study that included 236 college students who completed math
tasks in all of the defined areas and the scores in each category were analyzed for significant
relationships with each of the other categories (Xu et al., 2023). The participants were all

volunteers from the principal researcher’s university who completed the test and affirmed at its
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conclusion that they had tried their best to answer each question. The authors hypothesized that
the most significant correlation found for each area was the participant's performance on the
immediately preceding step in the order listed above. Scores for the four basic operation
questions were based on the number of seconds required to correctly respond, while scores for
the two most complex sets of tasks, fraction arithmetic and algebra, were scored based solely on
correctness. The results supported the hypothesis. For example, the overall correlation to success
in algebra tasks was 50% stronger between success with rational numbers than with
multiplication. The relative importance of the immediately preceding step became even more
pronounced when each category was examined for unique variance by controlling for the
difference in the other skills. Then, the unique variance for success on algebra tasks that could be
attributed to skill with rational numbers was 17.2%, compared to 1.2% for multiplication.

Xu et al. (2023) also attempted to control for differences in working memory by
including a reverse sequence memory task. This does not mean that there are no differences in
how students with disabilities learn (Powell et al., 2013), as will be examined with greater detail
later, but it does suggest that the findings of Xu et al. (2023) are universalizable to students both
with and without mild cognitive disabilities. Although, as the authors admit, this suggestion is
limited by the inclusion of only one potential cognitive impairment in the study.

So, evidence supports the idea that mastery of each math skill, at least in the broad
categories of number, four operations, and algebra, is correlated to procedural skill in the
preceding step (Xu et al., 2023). The ability to order numbers is predictive of ability to add them
together, as adding is to subtracting, and multiplication ability is correlated to division ability.
The positive correlation between the preceding skill to the measured skills continues through

rational numbers and algebra. There is a difference, however, in that first relationship that does
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not reappear in any of the later steps. Numeracy, measured as ordinality, is a conceptual
understanding that was shown to translate into a skill proficiency, measured as response time to
single-digit addition. Only one of the steps measured, numeracy, was a concept instead of a skill.
The study successfully added evidence to the case that fundamental skills need to be reinforced
for students who are struggling with higher level skills. Do those same fundamental skills also
support more complex conceptual understanding?

Namkung et al. (2017) provided evidence that, in at least one important step, proficiency
in fundamental operation skills was indeed correlated with conceptual understanding of the value
of fractions. Namkung et al. (2017) used a quantitative study of 1108 fourth-grade students from
14 schools to compare the skill level in whole number, four operation questions, from single
digit addition to multi-digit multiplication with regrouping, using the relevant subset of questions
from the Wide Range Achievement Test-4 (WRAT-4). They compared performance at the
beginning of the year with the students’ conceptual understanding of fractions at the end of the
fourth-grade. Conceptual understanding was measured by the ability to transfer symbolic
representation into pictorial representations and vise-versa, to place fractions on a number line,
and to compare fractions with different denominators. In short, students were not tested on their
ability to perform mathematical operations using fractions, as in the study by Xu et al. (2023);
rather in this study, students were tested on their ability to represent the cardinal and ordinal
magnitude of fractions.

Namkung et al. (2017) predicted that students without adequate whole number
competence would be at a significantly greater risk of not understanding fractions, even though
fractions are a distinct representation of value from whole numbers. The research confirmed the

hypothesis and found that 84% of students in the bottom 10th percentile of whole number skill
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end the fourth-grade year with difficulty in understanding fractions, compared to only 47.26% of

students who scored between the 10th and 25th percentile and only 18% of students above the

25th percentile. This equates to students with significant whole number operation difficulty

being 32 times more likely to also struggle significantly with comprehending fractions. While at

first glance, this hypothesis may seem like a basic assumption that students for whom math is

difficult continue to struggle with math over time, there is a useful implication for what kinds of

interventions may help these students because of the potential connection between math skills

and conception of magnitude. Although the authors do not make this connection, the finding is in

line with a cognitive load theory explanation (Paas & Van Merriénboer, 2020) that facility in

whole number operations reduces the complexity of comprehending new values in new symbolic

representations.

As may be predictable now based on Xu et al's (2023) finding, conceptual understanding

of magnitude and operations follows the same pattern. Just as the previous study (Namkung et

al., 2017) found evidence for the conceptual link between whole number magnitude and

fractional magnitude, Booth and Newton (2012) found the understanding of fractions to be key

to being successful with algebra. In line with the previous study, understanding of the most

adjacent concept, rational numbers, had a much larger correlation to understanding algebra

concepts than whole number place value, lending support to the importance of fractions in

understanding algebra. The researchers tested understanding of magnitude by having middle

school students place whole numbers and fractions on number lines. For the fractions, the
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number line was limited to zero to one, because while there are at least five ways students must
understand fractions, a number line from zero to one demonstrates a fraction as both a part of a
whole and a single number with a discrete value. To measure algebra concepts, this study asked
students to state the meaning of algebra symbols, to solve one step equations, and to represent
word problems as algebra equations with a single variable.

Interestingly, Booth and Newton (2012) also found measurable differences in correlation
to algebra concepts between unit fractions and non-unit fractions. Unit fractions are any fraction
with a numerator of one, representing one unit of that denomination. Non-unit fractions are those
with any numerator not equal to one. This was not a research question they intended to
investigate, so there is no specific conclusion drawn in the paper. It is worth mentioning because
the researchers hypothesize that the difference may be due to a difference in how students
conceptualize unit and non-unit fractions. Placing non-unit fractions on a number line uses
proportional estimation, identifying the proportion of the denominator represented by the
numerator. This is a valuable skill, but non-unit fractions reduce the need to accurately
conceptualize and estimate the magnitude of the fractional unit, which is best measured by the
ability to accurately plot unit fractions. The authors only examined the correlation, and not the
causation of the link between fractional numeracy and algebra concepts. The authors left it open
to future research to determine the cause of the relationship. It could be based on a reduced toll
on working memory for students learning algebra when fractional symbols and meaning are
familiar and automatic. It is also possible to be an advantage gained by a thorough understanding
of number magnitude that is demonstrated better in fractions because they are more complex

than in whole numbers.
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The research reported above looked at how all students learn math and reinforced the
importance of fundamental math skills as building blocks for more complex math. Powell et al.
(2013) reviewed the last thirty years of literature on how students with identified learning
disabilities, as well as students who struggle with math without an identified disability, best learn
math and compared this body of knowledge with common core standards for math. The authors
looked at 15 studies of effective interventions for students with math difficulties from between
1997 and 2009. They found points of difference and similarity between the emphasized
knowledge in common core math standards and evidence-based practices for students with math
difficulties and attempted to outline entry points for teachers to provide access to grade level
curriculum for students with math difficulties. The authors found that as a student progresses
through school years, math standards are moving towards a deeper conceptual understanding of
math as well as problem solving, with less emphasis on explicit instruction of step-by-step
mathematical procedures. However, evidence-based practices support the use of explicit
instruction for students with learning disabilities in math. Math difficulties have been shown to
be linked with deficits in both working memory and semantic memory (long-term memory of
words, concepts, and numbers) that make complex, higher-level math skills more difficult to
comprehend without being broken into discrete steps. Areas of alignment between standards and
evidence include interventions that utilize manipulatives and representations of value to support
understanding of magnitude, place value, and basic operations.

Other researchers warn against utilizing some methods, even those that have been found
to be evidence-based to improve math scores. If those methods fail to substantially center the
student as an active nexus of mathematical sense-making. In other words, explicit procedure

instruction that lacks reasoning or explanation is a disservice to all students and could represent a
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structural inequality if it is only applied to a subset of students who are already struggling in
math. Tan et al. (2022) argued that these methods are dehumanizing to students because they
remove the opportunity for students to fully participate. Full participation includes a student
bringing their own prior knowledge, experiences, and reasoning abilities to construct connections
to new learning in ways that derive correct conclusions or answers in a way that makes sense to
the student. Focus on direct instruction, especially in the context of students learning below
grade level skills reinforces a negative mathematical identity that the student need not or cannot
understand mathematical thinking.

For example, as Ballin et al. (2022) pointed out, there is more than one way to correctly,
systematically, and efficiently derive the answer to a two digit by two-digit addition problem
(see figure 1). Adding by place value from right to left may be the standard algorithm, but
moving left to right is how students are already trained to read words or numbers, so switching to
right to left may not only add an unnecessary barrier, but reduce that student’s ability to
effectively use important skills of generalization and estimation. Estimation is the ability to see
the big picture and is an important skill throughout all levels of math to ensure that a precise

answer is reasonable. Estimation, therefore, requires focusing on the largest place value first,

reading left to right. Far worse, if it never

Left to right tfel ot thgiR makes sense why multidigit addition must or
9 1
S 59 even can be done right to left, then it could
17 +17
e even create a lasting fissure in that student’s
60 76
+16 mathematical identity and ability to construct
76
new knowledge later based on what they

Figure 1 showing substantially equivalent

ways to add multi-digit numbers already know about place value. This is not to
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argue for a change in the standard algorithm of multidigit addition. The standard algorithm is
useful and understandable to many people. Rather, the purpose is to highlight the important
difference between student-centered mathematical sense-making and explicit instruction in
procedures that are centered on the teacher’s understanding of math. The example above of
multidigit addition is just a single example of substantially equivalent procedures possible for
any math operation.

Tan et al. (2022) looked at published research studies on math education for special
education students between 2007 and 2016 and found a trend away from curriculum and
instructional practices that focus on direct instruction and towards constructivist methods. Of 61
the studies examined, 14 related directly to curriculum and instruction. Of those 14, 8 were found
to study what the authors refer to as “humanizing mathematics education” while only 4 relied on
practices that the authors argued removed the student’s problem-solving creativity and replaced
it with inflexible procedural steps that are “dehumanizing” as defined above.

In fact, this shift in understanding about the role of standard algorithms in math education
can also be seen in the 2022 Minnesota Standards for Mathematics. The standard algorithm is
included for seven operations in the current Minnesota Standards for Mathematics for third
through eighth-grade (Minnesota Department of Education, 2008), but it is only mentioned once
in the new standards for the same grade range. Even that single mention of the standard
algorithm is limited to an option: “knowledge of place value and the properties of operations that
may include partial quotients and standard algorithms” (Minnesota Department of Education,
2023; p. 57, standard 5.3.5.2). These considerations about uplifting the student and humanizing
their experience of learning, combined with some counterfactual evidence but an overall lack of

robust research for advantages for teaching students with math difficulties in substantially
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different ways, it is reasonable to conclude that IEP math goals should not be written in a way
that prioritizes specific procedural tasks at the expense of more conceptually robust mathematical
content.

In fact, a review of 14 different systematic reviews, referred to as an umbrella review of
math learning disabilities funded by the Australian Department of Education came to a similar
conclusion (De Bruin et al., 2023). The systematic reviews examined were written between 1999
to 2022 and encompassed hundreds of individual, peer reviewed primary research papers. The
review looked at what teaching practices had the most compelling research evidence for students
with identified learning disabilities and found that while the amount of time needed or the setting
may be different for students significantly behind in math, the most effective methods and
interventions are the same effective practices used with all students: using concrete and visual
models, graphic organizers, explicit and graduated instruction with guided and independent
practice, and corrective feedback. The implication of this extensive review is that it confirms that
IEP goals should not only be standards-based on content, but that they should also focus
pedagogically on similar forms of instruction. This means math goals should go beyond
memorization of facts and lists of steps to engage with problem solving, conceptual
understanding, and flexibility.

The research has shown that many math skills and concepts build on previous knowledge
in a way that is well documented in correlation between the broad steps of mathematical
thinking. All students, including those with significant math difficulties, learn best with access to
mathematics instruction that allows them to be “confident in themselves as doers, knowers, and

sense makers of mathematics” (Huinker et al., 2020, p. 23).
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Studies that look at how math goals are written, however, find the opposite to be true.
Two studies that looked directly at existing math goals found that the majority of goals for
middle and high school students focus on basic operation procedural skills. Hott et al. (2020)
looked at IEPs from 15 school districts from the Southeast United States. 89 IEPs from
secondary students with needs identified as mild were reviewed in the study, which found that
88% of the needs identified were basic calculation skills and less than 20% specifically
referenced algebra, geometry or statistics. The authors noted a lack of goals related to concepts
known to be essential to success in standards-aligned algebra, notably the same concepts
highlighted in this thesis: rational thinking and problem solving. The researchers concluded that
districts and their students would benefit from specific training for administrators and special
education teachers for better alignment of student goals and services for math needs, suggesting
that current practices are not sufficiently rigorous.

Scanlon (2013) did not directly review and categorize IEP goals like the previous study.
Instead, questionnaires were sent to school districts in Delaware. Seven school districts and 3
independent schools responded with a representative mix of large and small districts from
Delaware’s total of 19 districts. While this study found many more districts, 60%, explicitly
reported writing needs based on grade level standards, the vast majority, 70%, wrote goals based
on computational skills to measure progress. Eight of the respondents said that they offered no
resources to help special education teachers select appropriate, evidence-supported math goals.
Also alarming, none of the responses from districts or schools showed that goals were connected
in a clear progression of learning pointing towards access to grade level content. So how do
educators bring together the need for conceptually-rich math instruction for students who lack

the fundamental skills that have been shown to be necessary prerequisites for progress?
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One potential way to accommodate for deficits in learning while also offering meaningful
access to standards-based curriculum is to embed reteaching of foundational numeracy skills in
high school level algebra lessons, as tested by Clausen (2022). Clausen used a case study model
that included two high school students who received math instruction in a special education
setting. By modifying the curriculum for these students, the researcher was able to provide
access to challenging algebra concepts while also continuing to engage the students’ need to
master early numeracy skills, (whole number magnitude in this study.) Unfortunately, her
research did not show a significant increase in the students’ numeracy understanding or algebra
problem solving, but this does not mean the approach does not show promising signs. First, the
case study only included two students so it wouldn’t be possible to consider any result
conclusive. Also, other measures did show improvement. Teachers reported that both students
showed increased participation and enjoyment in the intervention lessons. Importantly, survey
responses from teachers and parents showed no detrimental effects of providing access to
standards-based algebra concepts, even if the students were not able to demonstrate mastery by
the end of the study. Providing the opportunity in this situation is consistent with the criterion of
the “least dangerous assumption” developed by Donnellan (1984).

The least dangerous assumption is a guiding principle that, in situations of uncertainty
about how to best educate students with disabilities, it is best to choose the alternative that will
do the least harm to the student. Applied to math instruction, there is still much that we do not
know about what students with math difficulties can learn and how to best present it (Hughes et
al., 2023), even 40 years after Donnellan first introduced the idea. The alignment of embedding
numeracy into algebra instruction with the least dangerous assumption about student’s abilities,

interest in the curriculum from parents and teachers, and the mandate from IDEA to provide
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access to the general education curriculum, combined with the limitations of having only two
case study participants, led Clausen to believe that this practice could still be an area for fruitful
research in the future.

Another way to move past basic computational goals is to include conceptual
understanding in goal measurement (Scanlon, 2013). Scanlon reviewed existing research on what
mathematical concepts underpin the successful use of fractions for the purpose of designing IEP
goals and assessments that measure both skill and conceptual understanding. Including the
conceptual understanding in the measurement opens up multiple entry points to the concept and
enables teachers to leverage existing knowledge, building on strengths and humanizing the
process for the student, as described by Tan et al. (2022). The five constructs of fractions
identified by Scanlon in the literature are: part of a whole, measure, division operator, quotient,
and ratio (order and equivalence are two of the first concepts that students learn about fractions,

but they are both properties of fractions, not unique definitions.) For example, one student may

conceptualize é as a quarter of one, as a coin, or as a portion of many individuals in a group. All
are valid entry points and most secondary students struggling with basic fraction operations will
have at least some partial constructs of é/ by the time they reach high school. Measurements that

are specifically designed to parse what constructs a student is fluid in and what they have not yet
mastered both validates their existing knowledge as well as elucidates what concepts they may
need in order to access more complex concepts in the future.

Scanlon tested the effectiveness of using this form of assessment to parse unique levels of
understanding between students by giving the assessment to 140 students spanning fifth-grade
general education students, inclusion classrooms, and special education small group classes for

seventh and eighth-grade students. Students with identified disabilities demonstrated
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significantly less understanding of fractions than students without disabilities and more
importantly, the non-computational skills assessment showed unique variation between students
that would not be demonstrable in computation assessments. This is significant because the
crucial role of fractional understanding in mastering algebra has been shown above, so goals
focused on numeracy may provide more meaningful access to the general education curriculum
than skills-based goals.

Effective IEP goals rely on more than just a robust understanding of math. The Individual
Education Act, (IDEA) mandates and research supports the participation of secondary students in
the IEP process (Individuals with Disabilities Education Act, 2004). Fuchs et al. (1989)
investigated the effect of student participation in setting learning goals specifically with high
school students with learning disabilities. In the study, 20 students were randomly assigned to
either choose a personal goal for level of mastery or be assigned a goal on a computational task
with a mix of addition, subtraction, multiplication and division questions, up to two digits,
measured at regular intervals over a three week period. Students who chose their own goal saw a
significant increase in their performance on the computerized test, with a standardized effect size
of 0.41, indicating a moderate effect. Interestingly, the researchers did not find a meaningful
difference in the difficulty of goals set by students and by teachers. Both groups chose similarly
challenging goals and the results looked at total correct answers, not whether a student reached
the initial goal, so what goal was selected did not appear to be a factor in the results. The study
also measured the effect of having a small reward (time playing a video game) based on whether
or not the student met their accuracy goal. Being offered the reward did not show a significant
difference in either the self selected or assigned goal groups, which shows just how powerful a

sense of agency can be in student achievement. The researchers did note that the effect was most
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prominent in the first half of the three week period. There was limited evidence that the decrease
over time was not due to a change in the assigned group, but a waning of the positive effect in
the self selected group. Either way, the effect is unlikely to be as prominent in goals that are only
reported at eight or twelve week intervals at school. The size and duration of this study was very
limited, looking very specifically at the math goals for high school students with learning
disabilities, but it does point towards student participation and choice being meaningful factors in
student learning related to goal setting and the finding is consistent with several more recent
research studies about student choice, engagement and behavior in general (Royer, 2017).
Meaningful participation from students and families in the IEP process may remain
elusive, however, regardless of the mandate in IDEA and research suggesting its benefits.
Murzyn and Hughes (2015) used a case study method with questionnaires, interviews and review
of documentation to gain the perspectives of the various members of an IEP team to get beneath
the question of compliance and look at how decisions are made. Murzyn and Hughes interviewed
administrators, general and special education teachers, students and families about how decisions
were made concerning math placement in three instances, one in each setting: a rural, suburban
and urban high school. In all three cases, families felt that they were not included in the decision-
making process despite being present at the meeting. Importantly parents reported that they did
not have adequate information to fully participate and did not fully understand the options
available. The parents in the study included a range of years of experience with special education
as well as personal educational backgrounds. Even an active researcher in the field of special
education math reported on his frustration in having a meaningful influence on decisions made in
IEP meetings for his own child (Tan, 2017), so the disconnect is unlikely due to the interest or

capabilities of the parents involved.
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Murzyn and Hughes (2015) found that not only parents felt limited in their role though;
administrators and general education teachers responded that decision-making was left largely to
the special education teacher and both groups also demonstrated a lack of knowledge about how
placement decisions were made even though standard sources of information, such as
standardized tests like the Measure of Academic Progress (MAP), state achievement scores,
special education evaluations, and classroom progress were documented. Two parents reported
that data about their student’s progress was not shared with them in an understandable way at the
meeting.

The authors conclude that special education teachers could be more proactive in
including families by providing them more resources to help them understand not only special
education in general, but also their own student’s situation in particular. They encouraged special
education teachers to engage in “open and honest discussions about student needs and
expectations” (Murzyn and Hughes, 2015; p. 55). Tan (2017) suggested that meaningful
participation by families include, among other elements, an understandable table of standards-
based conceptual understanding that creates a shared understanding by the whole IEP team of
where the student is located in order to develop appropriate goals.

To that end, the application of this thesis is to create easy-to-understand presentations of
the 2022 Minnesota Academic Standards in Mathematics that Minnesota schools will begin
transitioning towards in the *25-°26 school year. These presentations will be applicable to high

school students with IEPs, their families, as well as special education teachers.
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CHAPTER III: APPLICATION OF RESEARCH

APPLICATION PLAN
In order to create a presentation of the 2022 Minnesota Math Standards that is both

accurate to the original form and also accessible to an audience broader than just math teachers
required arranging, summarizing, and finally depicting the information in a graphic presentation.
The first step was to organize the specific benchmarks by mathematical anchor strand so that
the progression of specific concepts is easier to visualize across grades. The standards are
organized into three strands: data and probability, spatial reasoning, and patterns and
relationships; those strands are then divided into seven “anchor strands” which are more specific:
data sciences, chance and uncertainty, measurement, geometry, number relationships,
equivalence and relational thinking, and patterns and relationships. All of the benchmarks, each
of which is a “specific knowledge or skill that a student must master” (Minnesota Legislature,
2023, p. 1), are organized into one of the above anchor strands and then listed by grade.
Organization by grade is ideal for teachers who teach a single grade, but would not as readily
serve special education teachers who must work with students across a wide range of grade level
abilities. For them, seeing each anchor strand connected across grade levels communicates
clearly the growing complexity and nuance of a single strand through the years. So to do this, the
Minnesota math benchmarks were organized into a second dimension, with grade level
transposed to the columns and anchor strands as the rows.

This was an effective way to arrange the full-length version of the standards, but there
was more clarity to be gained by further dividing each anchor strand into further subdivisions;
this aided the same goal of narrating a compelling story of what a student is learning through

time. This is especially true for the strand with the most skills and concepts, number and
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relationships. The number and relationships anchor strand contains benchmarks for place value,
magnitude, number concepts, addition and subtraction, multiplication and division, fractions,
contextual situations and finance, so further division into those categories enabled the readers to
trace a single skill, like multiplication, from single digits through fractions to scientific numbers
over the course of six years. The final part of the arrangement was to focus only on standards
from third to eighth grade. The scope of the project was high school students with math
difficulties, so beginning with third grade pertained to most students, except those with severe,
low-incidence disabilities. It was sufficient to only focus on standards through eighth grade as
any student who has already progressed through the eighth-grade standards has access to the
grade level standards in mainstream classes.

The second step was to summarize each benchmark into a shorter statement.
Summarizing each standard came at the expense of much of the detail and nuance from the
original statements. However, the intent of the final product was to create an overview resource
to locate a particular student’s current level of competency, not to facilitate lesson planning or
instruction so a summary better serves this purpose. In order to consistently summarize the 216
benchmarks in the chosen grade band, priority was given to capturing the core skill, the size and
kind of number that it applied to, and the degree of change or what made it distinct from the
previous grade. A standard with a twenty- to thirty-word sentence was distilled down to five to
eight words with simplified language to clearly communicate the main focus of each benchmark.
These first two steps of the project resulted in a summary of all the individual benchmarks

between third and eighth grade captured on a two-page grid (see Figure 2 below).
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The final step was to create a single visual that accurately depicts how skills and number
complexity develop over time and the relative pacing and expectations for growth over time. IEP
goals do not need to match the pacing of general education standards, but understanding the
general education standards is the right place to start when individualizing goals to meet the
needs of a specific student. The graph focuses on anchor strands 5 and 6: “Number
Relationships™ and “Equivalence and Relational Thinking” because those strands contain the
benchmark skills and concepts that were identified in the literature review to be most important
in sequencing to a student’s continued progress and mastery. Math goals for students more than
two years behind in math should focus on anchor strands 5 and 6 for the same reason. For
example, a student missing a fifth-grade skill in data sciences of calculating mean, median, and
range, will not lose the ability to continue to progress and master other benchmarks outside of
that strand. On the other hand, a student who is not yet competent in large number addition and
division will not only need those skills to continue in number relations, but also to compute and
make sense of mean, median, and range in data sciences.

The chart (Figure 3) was organized with the progression through numbers as the rows,
with the smallest whole numbers at the bottom to the largest, most abstract numbers at the top.
The rows were further divided into three broad categories: whole numbers, positive rational
numbers, and positive and negative real numbers. Including these categorizations provided an
even broader picture than the specific rows, enabling the information to be as accessible as
possible to students and parents. To that same end, examples of each type of number were
included on the left side of the page. Math skills were plotted on the chart by the numbers used
for that skill at each grade level. For example, standards for addition and subtract were applied to

whole numbers up to 1,000 in third grade, to like fractions less than 2 in fourth grade, and to
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Figure 3. Chart of Third to Eighth Number and Operation Standards
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positive and negative integers in seventh grade. As the literature review showed, it is important
for a student’s conceptual understanding to grow in step with procedural skill. The conceptual
understanding of the numbers themselves is primarily measured through comparing and ordering
numbers; these skills were labeled as ordinality on the chart, as well as estimation. Benchmarks
of concepts not directly related to a specific type of number, including place value, equivalence,
and properties of equations were included as well. These concepts were organized by the grade
and broad category of number in the heading row for each category.

Not every family or IEP meeting will actively engage with the process of setting an
appropriately challenging and sufficiently descriptive measurable math goal, but this chart
provides an access point for families to be invited in and to engage at several different levels
depending on their interest. At the very broadest, students and families can see a grade level
equivalent to the present level of academic achievement and their annual goal. Looking a little
more closely, families can see the types of numbers and skills their student will be learning and
the full scope of skills before ninth-grade math. At the most detailed level, families can look at
the particular numbers and compare the schools report to their knowledge of their child’s use of
numbers at home with measuring cups, fuel gauges, road maps, or shopping trips to fully
participate in the process. And in rare situations where there is disagreement about placement or
goals, this provides a standards-based foundation for finding agreement.

Whatever level of engagement is achieved in an IEP meeting, the chart will also be a
helpful tool to special education teachers in writing math goals. First, in the upcoming transition
to the new standards, this overview helps highlight concepts that have moved, such as the
introduction of negative numbers and absolute value in sixth grade instead of seventh grade, and

the application of positive and negative numbers specifically to creating a budget in seventh
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grade. The grade level of one skill will not be particularly important to a student with a math
goal significantly different from grade level standards, but even in that case, the change in
relative position between related standards will still help inform decision-making. For one
example, adding and subtracting unlike fractions is now taught a year earlier than multiplying
and dividing unlike fractions.

Beyond the transition to these new standards, this chart references sixty-five benchmarks
across six grades to potentially use for setting appropriately challenging and sufficiently
descriptive, measurable math goals. Most of the benchmarks charted fit into the six subcategories
of: ordinality, addition and subtraction, multiplication and division, fractions, algebra, or
contextual situations, all of which span at least five of the six covered grade-level standards. This
helps in the selection of an annual goal that is appropriate because it is easy to compare the
students trajectory to the grade level trajectory. It can also aid in writing goals that are
descriptive enough to be measured by different people in different settings because the chart
includes skills along with the numbers to apply them to for every referenced benchmark.
Reviewing the previous example of a word problem goal that was too vague to be measurable
(see page 9), the goal was written as, “increase her ability to solve two-step story problems
including a mix of addition, subtraction, multiplication, and division from 40% to 80%
accuracy.” Using either the two-page summary or the one-page chart, the goal could be improved
by assigning a level of number complexity along with the operations required, such as a third-
grade benchmark of one-digit numbers with four operations, a fourth-grade benchmark of multi-
digit whole numbers, or a sixth-grade level that includes decimals and fractions. For example, a
revised goal could be: “Student will improve her ability to solve multi-step, contextual

situations, from solving questions with addition, subtraction, multiplication, and division of
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whole numbers up to three digits with 80% accuracy to solving questions with addition and
subtraction of positive fractions and decimals including mixed numbers and decimals to the
hundredths place with 80% accuracy.” This revised goal would contain enough information to be
measurable and be traceable to specific state benchmarks. It also incorporates a comparable
amount of growth for one year (fourth to fifth grade), if that is appropriate for the student. To
help make the determination of whether it would be appropriate for the student, the graph shows
adjacent skills, like already beginning to add and subtract like fractions less than two and identify
decimal values equivalent to fractions up the hundredths. If those skills aren’t in place, having an
abbreviated reference chart helps keep the relationship between benchmarks in different areas in

mind, so that goals are aligned with standards.
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CHAPTER 1IV: DISCUSSION AND CONCLUSION

SUMMARY OF RESEARCH

To meet higher level math standards in the common core, students rely on multiple,
specific math skills from up to 14 different strands of mathematical thinking. This means that
difficulty with early math skills, even counting, through fifth grade was a strong predictor of
difficulty with math through high school and adulthood. Unfortunately, the inverse is not an
accurate indicator of math success because the introduction of novel concepts through high
school may prove challenging for children who were previously successful. Students with math
difficulties often lack the necessary fluency with those foundational skills, such as place value
and operations, to both compute the operations and derive applicable meaning from the abstract
mathematical representation. Therefore, to help students overcome these challenges, teachers
should first identify the particular foundational skills required to achieve secondary math
standards and then provide instruction that reinforces those fundamental elements. This process
should incorporate evidence-based instructional techniques that support a deepening numeracy,
such as concrete-representational-abstract (CRA) instruction.

Whether the math interventions with the most evidence support using different strategies
with students with disabilities is still a contentious issue in the special education research
community (Tan et al., 2017). While some have argued that explicit instruction focused on basic
skills has been effective, others have argued that this approach is unnecessarily exclusionary of
other ways of thinking and believe that the special education instruction should better match the
shifts in understanding about how mathematics is taught in the general education classroom. This
would include focusing more on conceptual understanding and problem-solving, as spearheaded

by the National Council of Teachers of Mathematics (NCTM).
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Xu et al. (2023), Namkung et al. (2017), and Powell et al. (2013) all confirmed the
importance of both sequential instruction of math skills as well as proficiency in fundamental
skills for students to successfully access higher-level math. The authors differed in how they
conceptualized and categorized the numerous strands of mathematical thinking that must be
combined for complex math, like rational numbers and algebra. This is in part because the first
two studies aimed to establish a specific link between discrete skills and next steps while the last
considered a more generalizable framework for conceptualizing math skills. However, the
difference even between the two specific studies, as well as papers with the NCTM
categorizations (Graham et al., 2018) does point to a lack of consensus among researchers about
the most useful way to conceptualize the disparate elements of math education. This may be a
fundamental step required to complete the higher order task of effectively sequencing math goals
in individualized education plans.

Concerning IEP math goals in particular, researchers investigating current practices
found significant room for improvement in the way that math goals are chosen and written.
Researchers found that numerous school districts do not provide guidance on selecting effective
math goals and there is often a lack of meaningful participation of other members of IEP teams,
including families and math teachers. These practices are not in line with the mandate of IDEA
to focus on access to the general education curriculum and include input from a diversity of
sources, including families and students. Without student involvement in goal selection, special
education teachers are also potentially missing the opportunity to increase student motivation

through participation in their learning.
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LIMITATIONS OF RESEARCH

Research into effective methods of instruction in special education is plagued with a large
number of small populations that make broadly-generalizable findings difficult to obtain, and
this thesis is no exception. Many of the included studies only looked at a single disability, while
the total population of students that demonstrate math difficulties spans many different high-
incidence disabilities, from Autism Spectrum Disorder (ASD) and Attention
Deficit/Hyperactivity Disorder (ADHD) to Specific Learning Disabilities (SLD). This limits
confidence in the conclusions of the underlying papers as well as their accumulated consensus if
the underlying populations are different in a significant way. This is possibly one source of
disagreement among researchers about how to best teach math to students with disabilities, as
there may be underlying differences that are not being measured and reported. Similarly, studies
that were designed to investigate the general population of students typically included only a
single variable to control for differences in cognitive ability, such as working memory. Math
ability is likely correlated to different cognitive processes in unique ways for which these studies
did not effectively control.
IMPLICATIONS OF FUTURE RESEARCH

The development of thorough, mathematically-rich goals and objectives for IEPs is a
comprehensive task as complex as curriculum development and it should be undertaken by
leaders in the field instead of as an ad hoc process written by each teacher. It is possible that this
has not been done up to this point because of the perception that such an endeavor would negate
the individualization required to meet the needs of exceptional children. This is an artificial
barrier though, because “individualized” does not mean completely unique. Individualized means

that goals are appropriate to meet an individual student’s specific needs. It would not only be
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possible, but far more likely for special education teachers to accurately individualize goals
based on student needs if a comprehensive set of priorities and goals was created by experts,
guided by research.

Scanlon (2013) began this process for one major numeracy threshold, fractions. She
identified sixty-three potential learning goals related to the ordering and equivalence of fractions.
Future research should both narrow the specific skills and concepts about fractions most
important to enabling student progress and expand that method to additional cornerstone
concepts, such as place value and multiplicative reasoning. Winnowing potential goals from a
list of all skills related to equivalent fractions or place value that a student has not yet mastered to
a shorter list of the most important anchors will require a deeper understanding of how these
math concepts relate to each other. Researchers have hypothesized plausible explanations for
why whole number fluency improves fractional reasoning or whether fraction magnitude or unit
coordination is more casually related to success in algebra and these possibilities should be tested
to better inform the goal-making process.

PROFESSIONAL APPLICATION

In the fall of the 2024 school year, teachers across Minnesota will begin to familiarize
themselves with the new state math standards (Minnesota Department of Education, 2022), just
approved by the Minnesota Department of Education Commissioner in April 2024. Grade level
teachers will have thirty to forty standards to review for potential changes and high school
teachers will have less than thirty standards to review for each class. Meanwhile, special
education teachers will work across a wide range of different grade levels, covering over two
hundred standards to meet the needs of diverse students to create accurate, compliant IEPs.

Special education teachers are in a unique position to benefit from thoroughly understanding
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how mathematical skills and knowledge develop over the course of many years. This project will
help special education teachers conceptualize the progression of math learning, identify
important milestones, and communicate clearly with families about their students’ status and
trajectory. It will also be a valuable reference for teachers over the next several years as they
adjust curriculum to be prepared for full implementation of the new state standards during the
2027-28 school year. Having an overview of the standards will be a useful resource for creating a
scope and sequence. It has already been utilized in planning meetings to ensure that different
levels of math taught in special education math classes are providing a continuous progression
towards grade level standards.
CONCLUSION

The mastery of preceding skills and concepts is strongly correlated with success in later
skills; even areas of math that don’t superficially appear directly related, like fractions and
algebra, benefit from proper sequencing. This supports the practice of teaching math sequentially
as developed in state standards, including to students who are more than two years behind in
math. That creates a tension, however, between providing students with the opportunity to reach
the prerequisite competency before progressing and the mandate to provide access to the general
education curriculum. At least one study has looked at embedding basic numeracy skills into
algebra lessons for high school students to bridge the gap between the needs of the student where
they currently are and grade-level content. The intervention did not produce a measurable
difference, so while more interventions designed around this same idea would need to be created
and tested with many more students to make a fully-informed claim, there isn’t an evidentiary
basis that students will make more rapid progress if given higher-level content with increased

accommodation.
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Although several other methods of instruction have been shown to be effective with
students with math difficulties, most of these methods have also been demonstrated to be
successful with all students, leading to some dispute about whether there is or should be any
difference in effective instruction between students with and without disabilities. The lack of
large-scale, rigorous evidence for substantially different instructional methods, combined with
the moral hazard of separate and unequal education is leading most researchers towards
advocating for students with disabilities to receive the same, conceptually-rich, numeracy-based,
problem-solving math instruction as all students.

To support the academic growth of high school students with math goals two or more
years behind their grade level, math goals should embrace a deeper sense of mathematical
thinking than focusing solely on operational proficiency by incorporating measures of conceptual
understanding along with measures of mathematical operations. The skills and concepts selected
for goals should match students’ present levels and relate to the major conceptual steps shown to
be significantly related to future progress so that goals are always aimed at grade level standards
and ensure that the student is making connections between the abstract operations and their
internal conceptualization of magnitude that fosters growth and makes mathematical thinking

meaningful.
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